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E-mail address: meguid@mie.utoronto.ca (S.A. MeIn this paper, an atomistic-based representative volume element (RVE) is developed to characterize the
behavior of carbon nanotube (CNT) reinforced amorphous epoxies. The RVE consists of the carbon nano-
tube, the surrounding epoxy matrix, and the CNT/epoxy interface. An atomistic-based continuum repre-
sentation is adopted throughout all the components of the RVE. By equating the associated strain
energies under identical loading conditions, we were able to homogenize the RVE into a representative
ﬁber. The homogenized RVE was then employed in a micromechanical analysis to predict the effective
properties of the newly developed CNT-reinforced amorphous epoxy. Numerical examples show that
the effect of volume fraction, orientation, and aspect ratio of the continuous ﬁbres on the properties of
the CNT-reinforced epoxy adhesives can be signiﬁcant. These results have a direct bearing on the design
and development of nano-tailored adhesives for use in structural adhesive bonds.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
Since their discovery by Iijima (1991), it has been theoretically
and experimentally conﬁrmed that carbon nanotubes (CNTs) pos-
sess exceptional high stiffness and strength. These properties,
amongst others, suggest that CNTs show great promise as reinforc-
ing agents in composite materials (Endo et al., 2004). In recent
years, nano-reinforced epoxy composites have attracted great
interest from the materials and mechanics communities partly be-
cause of their exceptional electro-thermo-mechanical properties
and partly because of their varied length/time scales. In the past
few years researchers have shown that the dispersion of just a
few weight percentages of nanoﬁllers into composites could lead
to dramatic changes in their mechanical (Schadler et al., 1998;
Qian et al., 2004; Kim et al., 2008; Zhai et al., 2008), thermal (Sale-
hi-Khojin et al., 2007; Huang, 2007), and electrical (Qinghua and
Jianhua, 2007) properties with added functionalities. For example,
Qian et al. (2000) have demonstrated that with the weight addition
of 1% multi-walled carbon nanotubes (MWCNTs) in a polystyrene
matrix, the stiffness of the composite ﬁlm can increase by up to
42% and the tensile strength by up to 25%. Schadler et al. (1998)
have also demonstrated the effectiveness of using carbon nano-
tubes as reinforcing agents in adhesive materials. They found that
with 5% weight addition of CNTs in an epoxy resin, the stiffness can
be improved by as much as 20% in tension and 25% in compression.
However, since experimentation at the nanoscale is still develop-ll rights reserved.
: +1 416 978 7753.
guid).ing, it is important to develop accurate and efﬁcient models to pre-
dict the material properties of CNT-reinforced structures. Since the
length scales of interest in CNT-reinforced epoxy composites vary
from the nanoscale to macroscale, the development of an appropri-
ate model to accurately and efﬁciently predict the physical and
mechanical properties at different length scales is one of the main
issues in the simulation of these classes of problems.
For the analysis of nanostructured materials, atomistic simula-
tion methods such as ﬁrst-principle quantum-mechanical methods
(Ding, 2005), molecular dynamics (MD) (Liew et al., 2004; Unni-
krishnan et al., 2008) and Monte Carlo (Zhou et al., 2006) simula-
tions have been routinely adopted. However, these methods are
computationally intensive and limited by the realistic system size
that they can represent because of the enormous number of de-
grees of freedom involved. Even the use of state-of-the-art parallel
supercomputers can only handle a limited number of atoms
(109), corresponding to less than one cubic micron (Rudd,
2001; Abraham et al., 2002). For a detailed description of the differ-
ent techniques adopted in atomistic simulations and coupled mul-
tiscale methods, refer to the recent reviews by Wernik and Meguid
(2009), Ghoniem et al. (2003), and Vvedensky (2004). On the other
hand, continuum mechanics may not be directly applicable to
nanostructures. At the nanoscale, traditional continuum mechani-
cal concepts do not maintain their validity (Chang et al., 2006) and
gross oversimpliﬁcations can arise from the use of a purely contin-
uum model. For the case of nano-reinforced adhesives, these mod-
els cannot accurately describe the inﬂuence of the nanoﬁllers upon
the mechanical properties, bond formation/breakage and their
interactions in the composite systems because they lack the appro-
Nomenclature
U potential energy
Vr energy due to bond stretching
Vh energy due to bond bending
Vt energy due to bond dihedral angle torsion
Ve energy due to out-of-plane torsion
Vv energy due to non-bonded van der Waals interaction
Vs energy due to sum of torsional contributions
kr bond stretching force constant
kh bond bending force constant
ks torsional resistance force constant
r deformed length of C–C bond
r0 undeformed length of C–C bond
Dr bond stretching increment
h deformed C–C bond angle
h0 undeformed C–C bond angle
Dh change in bond angle
D/ change in angle of bond twisting
EA tensile resistance
EI ﬂexural rigidity
GJ torsional stiffness
l length of beam
Dl bond stretching increment
2a bond angle change
Db angle change of bond twisting
ai non-dimensional parameters
t wall thickness of CNT
w hard sphere radius of the atom
c potential well depth
Ut strain energy of a truss rod
Av cross-sectional area
Ev Young’s modulus of truss rod
Rv undeformed length of truss rod
eij strain components
rij stress components
Ef Young’s modulus of the representative ﬁber
mf Poisson’s ratio of the representative ﬁber
Gf shear modulus of the representative ﬁber
nj components of the outward normal vector
ui displacement components
xj cartesian coordinates
Uf strain energy of representative ﬁbre
V volume of the representative ﬁbre
d diameter of representative ﬁbre
L length of representative ﬁbre
e applied strain
E11 longitudinal Young’s modulus
E22 transverse Young’s modulus
l12 longitudinal shear modulus
l23 transverse shear modulus
E Young’s modulus
G shear modulus
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scale. Another modeling approach is the atomistic-based contin-
uum technique. It has the unique advantage of describing the
atomistic structure–property relations in a continuum framework,
thereby reducing the computational demand while employing the
appropriate atomistic constitutive relations. In the case of nano-
reinforced epoxy systems, it is important to consider the atomic
bonding and interaction between two phases: the nanoﬁller(s)
and the epoxy matrix. This is typically carried out at the atomistic
scale using appropriate interatomic potentials. For computational
simplicity, and to adequately address scale-up issues, it is also
desirable to couple atomistic-based continuum models of nano-
tube-reinforced epoxy composites with established micromechan-
ical models to describe their mechanical behavior on a
macroscopic scale.
In this paper, we develop an atomistic-based representative vol-
ume element (RVE) for the study of CNT-reinforced epoxy compos-
ites. This method allows for the molecular properties obtained
through molecular mechanics to be used directly in determining
the corresponding bulk properties of the material at the macro-
scopic scale. The RVE consists of the carbon nanotube, the sur-
rounding epoxy matrix, and the CNT/epoxy interface. The RVE isFig. 1. Schematic illustration of the analysis procedure and the componethen reduced into a homogenized continuous representative ﬁber.
Adopting micromechanical analysis techniques, we were able to
predict the effective mechanical properties of the macroscopic
CNT-reinforced epoxy composite. Fig. 1 provides a schematic illus-
tration of analysis process and clearly identiﬁes all the components
used in the development of the RVE. The results from these analy-
ses are compared with published ﬁndings to conﬁrm the validity of
the model. Numerical examples are given to show the effect of CNT
length, volume fractions, orientation, and the aspect ratio of the
representative ﬁbre on the properties of the CNT-reinforced epoxy
composite.
2. Representative volume element
Let us consider an epoxy matrix reinforced by single-walled
CNTs. The single-walled CNT is a armchair (10,10) nanotube of ra-
dius 6.78 Å and length 4.3 nm and is modeled using a space frame
structure. The epoxy matrix immediately adjacent to the CNT is
represented as individual epoxy chains aligned in the axial direc-
tion thereby maintaining the atomistic representation. As an
approximation, it is assumed that the epoxy maintains its structure
throughout the entire material and that the CNT is directly incor-nts used in the development of the representative volume element.
Fig. 2. Interatomic interactions in molecular mechanics.
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truss rod model whereby each van der Waals interaction is simu-
lated using a truss rod. This description implies the assumption
of a non-bonded interfacial region. A detailed description of all
the components used in the development of the RVE is presented
below.
2.1. Carbon nanotube representation
From the viewpoint of molecular mechanics, carbon nanotubes
may be treated as a large array of molecules consisting of carbon
atoms. The general expression of the molecular mechanics force
ﬁeld or potential energy among atoms, when omitting the electro-
static interaction, can be expressed as follows (Cornell et al., 1995);
U ¼
X
Vr þ
X
Vh þ
X
Vt þ
X
Ve þ
X
Vv ; ð1Þ
where Vr is the energy due to bond stretching, Vh the energy due to
bending (bond angle variation), Vt the energy due to dihedral angle
torsion, Ve the energy due to out-of-plane torsion, and Vv is the en-
ergy due to non-bonded van der Waals interaction. The atomic
interaction mechanisms are depicted in Fig. 2; excluding the elec-
trostatic and hydrogen bonding forces.
In general, for covalent systems, the main contribution to the
total energy comes from the ﬁrst four terms of Eq. (1). Under the
assumption of small deformation, harmonic approximations are
adequate for describing the different energy contributions. For
the sake of simplicity and merging dihedral angle torsion and
out-of-plane torsion into a single equivalent term, we can arrive
at the following expressions for the bond stretching, bond angle
bending, and bond torsion potentials (Li and Chou, 2003)
Vr ¼ 12 krðr  r0Þ
2 ¼ 1
2
krðDrÞ2; ð2Þ
Vh ¼ 12 khðh h0Þ
2 ¼ 1
2
khðDhÞ2; ð3Þ
Vs ¼ Vt þ Ve ¼ 12 ksðD/Þ
2
; ð4Þ
where kr; kh, and ks are the bond stretching, bond bending, and tor-
sional resistance force constants, respectively, while Dr; Dh, and D/
represent the respective bond stretching increment, the bond angle
change, and the angle change of bond twisting, respectively.
According to classical structural mechanics, the strain energy of
a uniform beam of length l can be expressed as
U ¼
Z l
0
1
2
EA
l2
ðDlÞ2 dxþ
Z l
0
1
2
EI
l2
ð2aÞ2 dxþ
Z l
0
1
2
GJ
l2
ðDbÞ2 dx; ð5Þ
where Dl; a, and Db are the axial stretching deformation, the rota-
tional angle at the end of the beam, and the relative rotation be-
tween the ends of the beam, respectively. The three terms in the
above expression represent the energy associated with stretching,bending, and torsion, respectively. It is reasonable to assume that
the rotation 2a is equivalent to the total change Dh of the bond an-
gle, Dl is equivalent to Dr, and Db is equivalent D/. Equating (2)–(4)
with the individual terms in Eq. (5), the following direct relation-
ships between the structural mechanics parameters EA; EI, and GJ
and the molecular mechanics force constants kr ; kh, and ks are ob-
tained, viz.
EA
l
¼ kr; EIl ¼ kh;
GJ
l
¼ ks: ð6Þ
Eq. (6) establishes the foundation of applying the theory of struc-
tural mechanics to the modeling of carbon nanotube structures.
As long as the force constants kr; kh, and ks are known, the sectional
stiffness parameters EA; EI, and GJ can be determined and the defor-
mation and elastic behavior of carbon nanotubes at the atomistic
scale can be simulated. In the present paper, kr ¼ 6:52
107 N nm1; kh ¼ 8:76 1010 N nm rad2; ks ¼ 2:78 1010 N
nm rad2, and l ¼ 0:1421 nm as taken from Li and Chou (2003).
2.2. Epoxy matrix representation
The carbon nanotube used in this study is assumed to be dis-
persed inside a generalized amorphous epoxy matrix, which is rep-
resented by covalently bonded beads of CH2 united atoms. Each
epoxychain consistsof approximately35units. Theentire surround-
ing epoxymatrixwasmodeled using a total of 16 united atomepoxy
chains equally spaced at a distance of 0.3816 nm apart from each
other and aligned in the axial direction as depicted in Fig. 3. This sep-
aration distance corresponds to the equilibrium van der Waals sep-
aration distance which will be given more detail in the coming
section. The ‘CH2’ units of the same chain are connected by covalent
bonds of length 0.153 nm. Aswe have done for the CNT, the covalent
bonds in the epoxy chains can also be simulated by using a similar
space framemodel,which is shown inFig. 4. Consequently, the inter-
action of the ‘CH2’ units in the epoxy chains was deﬁned in terms of
bond stretching, bond angle variation, and van der Waals contribu-
tions. The force constants and geometrical parameters for the epoxy
chains are taken from Cornell et al. (1995) and are as follows: bond
length l ¼ 0:1526 nm, bond angle h ¼ 109:5; kr ¼ 4:31
107 N nm1 and kh ¼ 5:56 1010 N nm rad2.
2.3. CNT/epoxy interface representation
Of importance to the development of an accurate and viable
RVE is the appropriate representation of the interface between
the CNT and the epoxy. Different approaches can be adopted in
characterizing the mechanisms and magnitudes of load transfer
between a nanotube and the polymer matrix. The interfacial char-
acteristics between the CNTs and polymer matrix remain unclear
and researchers have reported a large range of interfacial shear
stresses. Four approaches are possible. First, it can be assumed that
Fig. 3. The epoxy chain conﬁguration surrounding the carbon nanotube.
Fig. 4. Epoxy chain representation.
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matrix. In this case, van der Waals forces dominate the solution.
To avoid weak interfacial strength, some researchers proposed that
the chain of the polymer wrap around the nanotube in a helical
fashion to enhance the non-bonded nanotube–polymer interac-
tion, which has been observed experimentally and theoretically
(Lordi and Yao, 2000). The second approach is to assume that there
exist strong chemical bonds. In this case, C–C covalent bonds are
included between the nanotube and polymer, which increases
the interfacial strength signiﬁcantly. The third consideration as-
sumes that covalent cross-links form between the nanotube and
polymer matrix. In this case, only a small percentage of covalent
bonds form from the introduction of multifunctional amines,
which act as intermediary bonding sites between the nanotube
and polymer chains. However, it is possible that the chemical
bonding in the form of functionalization may compromise the
properties of the nanotube by introducing structural changes in
the graphitic layers of the nanotube (Fiedler et al., 2006). Finally,
the load transfer can be attributed to the mechanical interlocking
of the polymer and nanotube as a result of geometrical inconsis-
tencies in the structure of the nanotube. However, the carbon
atoms on CNT walls are chemically stable because of the aromatic
nature of the bonding. As a result, the reinforcing CNTs interact
with the surrounding matrix mainly through van der Waals inter-
actions (Hu et al., 2006). Therefore, in this study, we investigate the
non-bonded conﬁguration which implies that only van der Waals
interactions are considered.
A number of approaches have been considered to account for the
interfacial properties. These depend on the type of bonding and load
transfer mechanisms, hence, the interfacial thickness has not yet
been unambiguously deﬁned. Several different values have been
used in both atomistic and continuum simulations. Hu et al. (2005)
simulated the helical wrapping of one polystyrene chain around a
carbon nanotube considering only van der Waals interactions via
molecular dynamics. The equilibrium distance between the hydro-gen atoms in the polymer and carbon atoms in the nanotube ranged
from 0.2851 to 0.5445 nm. However, only one polymer chain was
consideredwhen in practical cases theremay be other chainswhich
also wrap around the nanotube. In comparison, Li and Chou (2006)
studied the compressive behaviour of carbon nanotube/epoxy com-
posites and assumed that the inside surface of the epoxymatrixwas
located at the same position as the outside surface of the nanotube
giving an interfacial thickness equal to 0.17 nmor half the thickness
of the nanotube itself. Given the above variance, itwas reasonable to
assume an interfacial thickness of 0.3816 nm in our simulation. This
value corresponds to the equilibriumseparation distance of the Len-
nard–Jones potential. This same value was used by Montazeri and
Naghdabadi (2008) in their molecular structural mechanics model
of SWCNT–epoxy composites.
In order to simulate the van der Waals interactions, we used
truss elements whereby each interaction was represented by one
truss rod. Each rod extends out from a carbon atom in the CNT
structure to a united atom in the epoxy matrix. van der Waals
interactions have most commonly been described using the Len-
nard–Jones pair potential because of its simplicity and sole depen-
dence on the atomic separation distance. The Lennard–Jones
potential is deﬁned as
UvðrÞ ¼ 4c wr
 12
 w
r
 6" #
; ð7Þ
where c is the potential well depth, w is the hard sphere radius of
the atom or the distance at which UvðrÞ is zero, and r is the distance
between the two atoms. The proposed truss rod model was also
used to simulate the van der Waals interactions between united
atoms in the same epoxy chain as well as the interactions between
united atoms of different epoxy chains. All the interactions that
were considered in this model are depicted in Fig. 5 along with their
respective Lennard–Jones parameters as taken from (Binder, 1995)
and are summarized in Table 1.
In this study, the number of truss rods or van der Waals inter-
actions is governed by the separation distance between two inter-
acting carbon atoms or united CH2 atom units. Only atoms within
the usual Lennard–Jones cut-off distance of 2:5w were considered.
At this distance the forces acting between interacting atoms is neg-
ligible and can be neglected. If the distance between the atoms is
greater than the equilibrium distance of the potential (0.3816 nm
for interacting carbon units) the truss rod was assigned an initial
strain corresponding to this separation distance.
From Eq. (7), it is clear that the energy associated with van der
Waals forces is highly non-linear. It can be fairly complicated to
Fig. 5. van der Waals truss rod connectivity (a) CNT–epoxy interface, (b) united atoms in same epoxy chain, and (c) united atoms in different epoxy chains.
Table 1
The Lennard–Jones interatomic potential parameters used for simulating van der
Waals interactions in the RVE.
Interaction Potential well
depth ðcÞ (KJ/mol)
Hard sphere
radius ðwÞ (nm)
CNT–polymer chain 0.4492 0.340
CH2–CH2 0.4742 0.352
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der Waals forces through consideration of the non-linear behavior
and the large range of values for the separation of the interacting
units in an equilibrium conﬁguration. The energy associated with
the van der Waals force is given in Eq. (7), and the classical contin-
uum strain energy of a truss rod can be deﬁned as follows
Ut ¼ AvEv2Rv ðr  RvÞ
2
; ð8Þ
where Ev ; Av ; r, and Rv are Young’s modulus, the cross-sectional
area, the deformed length, and the undeformed length of truss ele-
ment, respectively. By equating Eqs. (7) and (8), the Young’smodulus
for every van der Waals interaction may be approximated as being
Ev ¼ 8cRv
Avðr  RvÞ2
w
r
 12
 w
r
 6" #
: ð9Þ
It should be noted that the truss model used to simulate the
interaction between the CNT and the epoxy has previously been
used by other researchers. Li and Chou (2006) have also used atruss model to simulate the interaction between the CNT and
epoxy matrix. They treated the epoxy matrix as a continuous
solid and in doing so neglected the nanoscale effect of the
epoxy chains. Thus, the number of van der Waals interactions
included in their model was arbitrarily deﬁned. In our study,
we consider the nanoscale effect of both the CNT and the epoxy
lending for a direct determination of the number of interactions.
Thus, the present RVE model is a more realistic approximation.3. Representative ﬁber
After developing the atomistic-based continuum structure, we
homogenized the RVE into a representative ﬁber. The resulting
ﬁber was assumed to be linear elastic, homogeneous, and contin-
uous, and has the same cylindrical geometry as the atomistic-
based continuum structure. Consequently, the mechanical prop-
erties of the cylinder can be determined by equating the total
strain energies of the atomistic-based continuum structure and
representative ﬁber under identical loading conditions. In this
paper, it is further assumed that the representative ﬁber is iso-
tropic. Therefore, only two independent elastic constants exist.
The elastic constants can be determined by applying a single
boundary condition to both the ﬁber and atomistic-based contin-
uum structure.
The RVE is treated as the representative ﬁber throughout the
remainder of the paper. The governing constitutive law of the rep-
resentative ﬁber can be assumed as follows
1728 S.A. Meguid et al. / International Journal of Solids and Structures 47 (2010) 1723–1736e11 ¼ 1
Ef
ðr11  mf ðr22 þ r33ÞÞ; c12 ¼ s12=Gf ; ð10aÞ
e22 ¼ 1
Ef
ðr22  mf ðr11 þ r33ÞÞ; c23 ¼ s23=Gf ; ð10bÞ
e33 ¼ 1
Ef
ðr33  mf ðr22 þ r11ÞÞ; c31 ¼ s31=Gf ; ð10cÞ
where ðe11; e22; e33; c12; c23; c31Þ are the strain components,
ðr11; r22; r33; s12; s23; s13Þ are stress components, ðEf ; Gf ; v f Þ
are Young’s modulus, shear modulus, and Poisson’s ratio, respec-
tively. Two sets of boundary conditions were chosen to apply at
the boundaries of the RVE to determine the two independent elastic
constants, as given below by the respective displacement and trac-
tion expressions
uiðBÞ ¼ eijxj; TiðBÞ ¼ rijnj; ð11Þ
where B is the boundary, xj is the coordinate axes, and nj are the
components of the outward normal vector to B. The total strain en-
ergy of the representative ﬁber is given by
Uf ¼ V2 rijeij ¼
pd2L
8
rijeij; ð12Þ
where V, d, L are the respective volume, diameter, and length of the
ﬁber.
To determine Young’s modulus, a strain was prescribed along
the x1 axis, e11 ¼ e, with all of the shear strain components set to
zero. From Eq. (11), the boundary conditions are
u1ðBÞ ¼ ex1; T2ðBÞ ¼ T3ðBÞ ¼ 0: ð13Þ
The strain energy is:
Uf ¼ pd
2L
8
Ef e2: ð14Þ
Given that all the parameters in Eq. (14) were known, the Young’s
modulus can be determined.
The shear modulus is another elastic parameter to be deter-
mined. By prescribing a pure shear strain in the x1—x2 plane, with
all other strain components equal to zero, the boundary conditions
applied at the surface can be described as
u1ðBÞ ¼ e2 x2; u2ðBÞ ¼
e
2
x1; u3ðBÞ ¼ 0: ð15Þ
The resulting strain energy of the representative ﬁber is then re-
duced to
Uf ¼ pd
2L
8
Gf e2 ð16Þ
which will allow for the direct determination of the shear modulus.
The displacements and tractions addressed above were applied
to each node at the boundary of the atomistic-based continuum
structure, and the total strain energies were obtained by summing
the strain energies of each ﬁnite element in the corresponding
structure. The Young’s modulus and shear modulus of the repre-
sentative ﬁber were determined to be 528.4 and 161.7 GPa, respec-
tively, for a representative ﬁber diameter, d, of 2.2 nm, length, L, of
4.3 nm, and applied strain, e, of 0.1%.
4. Micromechanical analysis
Having determined the effective properties of the representa-
tive ﬁber, the effective material properties of the macroscopic
CNT-reinforced epoxy composites can be determined. Again, the
representative ﬁber radius and length were chosen to be 1.1 and
4.3 nm, respectively. The ﬁber accurately accounts for the struc-
ture–property relationship at the nanoscale and provides a bridge
to the continuum model. The constitutive relations of the CNT-reinforced epoxy composite are constructed using micromechan-
ics. In this paper, the bulk, amorphous epoxy matrix was assumed
to be isotropic, with a representative Young’s modulus of 0.9 GPa
and Poisson’s ratio of 0.3 which are typically representative general
epoxy properties. We have also assumed the case of perfect bond-
ing between the bulk epoxy and representative ﬁber.
The Mori–Tanaka method (Mori and Tanaka, 1973) is widely re-
garded as a powerful micromechanical model for conventional mi-
cro-particle reinforced polymers (Benevensite, 1987; Qui and
Weng, 1990) and has effectively been utilized in modeling nano-
composites with transversely isotropic or orthotropic material
properties (Liu et al., 2008). In this paper, we used a form of the
Mori–Tanaka method presented by Tandon and Weng (1984) in
which case the nanoﬁber and matrix are both assumed to be line-
arly elastic, homogeneous and isotropic. The details of this method
are not presented here but can be found in the publication by Tan-
don and Weng (1984). The cases of both uniformly aligned and
randomly oriented representative ﬁbers were examined in the
present analysis. The representative ﬁbers were assumed to be
spheroidal in geometry for the Eshelby tensor and both the CNT
and the representative ﬁbers have the same length. It was also as-
sumed that the CNT volume fraction was deﬁned as the total space
occupied by the CNT, including half of the interfacial region. From
this, it was determined that the CNT volume fraction was 63% of
the total representative ﬁber’s volume fraction.5. Results and discussion
Using the atomistic-based continuum mechanics approach and
the micromechanics method, the elastic effective properties of the
CNT-reinforced epoxy composites can be determined. In the fol-
lowing, we investigate the sensitivity of the effective properties
of the CNT-reinforced composites on the CNT length, volume frac-
tion, orientation and aspect ratio of the representative ﬁber. A CNT
volume fraction of 1% is implied for all cases where the effect of
CNT length on the respective modulus has been investigated. Like-
wise, a CNT length of 100 nm is used when investigating the effect
of CNT volume fraction, unless otherwise speciﬁed.
The variation of longitudinal Young’s modulus, E11, of the
aligned and randomly oriented CNT-reinforced epoxy composites
is plotted against the CNT volume fraction and CNT length in Figs.
6 and 7, respectively. It can be seen that E11 of both the aligned and
randomly oriented CNT-reinforced epoxy composites are sensitive
to both parameters. It can also be observed that E11 increases dra-
matically with the increase of CNT volume fraction and seems to
level of at a constant value with the variation in CNT length. Fur-
thermore, E11 of aligned CNT composites is signiﬁcantly larger than
E11 of randomly oriented CNT composites for both cases. The data
in Fig. 7 indicates that further increases in CNT length beyond
400 nm result in relatively small increases in longitudinal Young’s
modulus for a given CNT volume fraction. It should also be noted
that the CNT volume fraction has been extended up to a maximum
of 5% in Fig. 6. CNT concentrations above this magnitude are not
normally realized. The attractive van der Waals interactions be-
tween carbon nanotubes coupled with their high aspect ratio leads
to considerable agglomeration and aggregation at high concentra-
tions. The resulting agglomerates act as defect sites rather than
reinforcements which would ultimately lead to a subsequent deg-
radation of the nanocomposite properties (Sun and Meguid, 2004).
An efﬁcient utilization of the nanotube properties in polymeric
materials is therefore related to their homogenous dispersion in
the matrix. The present study uses an idealized model which as-
sumes a perfect dispersion of the nanophase particles even at these
high concentrations. Therefore, we can expect that the results
would indicate a positive inﬂuence of the nanotubes on the elastic
Fig. 6. Effect of CNT volume fraction on the longitudinal Young’s modulus, E11, of the CNT-reinforced epoxy composite for both aligned and random orientations with
different lengths.
Fig. 7. Inﬂuence of CNT length on the longitudinal Young’s modulus, E11, of aligned and randomly orientated CNT-reinforced epoxy composites for a CNT volume fraction of
1%.
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strates that anomaly in the inset. In that inset, we extend the re-
sults to a 45% CNT volume fraction to illustrate the unrealistic
positive reinforcement effect at high concentrations.
We present a comparison of the above results for the case of
aligned ﬁbers of aspect ratio a ¼ 100 with the ﬁndings of Liu andBrinson (2008) and Odegard et al. (2005) for CNT volume frac-
tions up to 5%. The variation of longitudinal Young’s modulus,
E11, is presented in Fig. 8 against the CNT volume fraction for
all models. It can be observed that E11 of all three models in-
creases dramatically with the increase of CNT volume fraction.
The results of the present analysis show better agreement with
Fig. 8. Comparison of the variation of longitudinal Young’s modulus, E11, of the aligned CNT-reinforced epoxy composite for the present model and those of Liu and Brinson
(2008) and Odegard et al. (2005).
1730 S.A. Meguid et al. / International Journal of Solids and Structures 47 (2010) 1723–1736the results of Odegard et al. (2005) than those of Liu and Brinson
(2008). This is partly because both the present model and the
model developed by Odegard incorporate a nanoscale represen-
tation of all the components used in the RVE, while Liu and Brin-Fig. 9. Inﬂuence of CNT volume fraction on longitudinal shear modulus, l12, of the align
100 nm.son directly applied the Mori–Tanaka method without giving
consideration to the development of an RVE from atomistic prin-
ciples. The discrepancy can also be attributed to the use of dif-
ferent polymer systems in both studies.ed and randomly orientated CNT-reinforced epoxy composites for a CNT length of
Fig. 10. Longitudinal shear modulus, l12, of the CNT-reinforced epoxy composite for a 1% CNT volume fraction vs. CNT length.
S.A. Meguid et al. / International Journal of Solids and Structures 47 (2010) 1723–1736 1731The longitudinal shear modulus l12 of the aligned and ran-
domly oriented CNT-reinforced epoxy composites is plotted
against the nanotube volume fraction and length in Figs. 9 and
10, respectively. It can be observed that l12 of randomly oriented
CNT-reinforced epoxy composites is more sensitive to the variation
of the volume fraction and length of CNT when compared to the
perfectly aligned conﬁguration. The longitudinal shear modulus
of the aligned CNT-reinforced epoxy composites showed no depen-
dence on CNT length and only a small variation at CNT volumeFig. 11. Effect of CNT volume fraction on transverse Young’s modulus, E22fractions above 35%. It can also be seen that l12 of randomly ori-
ented CNT-reinforced epoxy composites is much larger than l12
of aligned CNT-reinforced epoxy composites at comparable CNT
volume fractions and lengths
The sensitivity of the transverse Young’smodulus, E22, and trans-
verse shearmodulus,l23, of the aligned CNT-reinforced epoxy com-
posites on the CNT volume fraction for the different CNT lengths are
shown in Figs. 11 and 12, respectively. It can be observed that both
E22 and l23 increase with the subsequent increase of CNT volume, of the CNT-reinforced epoxy composites with different CNT length.
Fig. 12. Variation of transverse shear modulus, l23, of the CNT-reinforced epoxy composite with CNT volume fraction for different CNT lengths.
1732 S.A. Meguid et al. / International Journal of Solids and Structures 47 (2010) 1723–1736fraction. The data in Figs. 11 and 12 indicate that further increases in
CNT volume fraction beyond 30% result in relative large increases in
E22 andl23 for a given CNT length as evidenced by the slope of in the
data curve. The results of Figs. 11 and 12 also show that increasing
the CNT length results in a decrease in bothmoduli while further in-
creases in CNT length beyond 20 nm result in very small changes in
E22 andl23 for a given CNT volume fraction. It can be concluded that
the CNT length has a small inﬂuence on E22 and l23 of the aligned
CNT-reinforced epoxy composites.Fig. 13. Inﬂuence of CNT volume fraction on longitudinal Young’s modulus, E11, of the CAs we have considered the RVE as a representative ﬁber the
important parameter to investigate is the inﬂuence of the aspect
ratio on the properties of the CNT-reinforced epoxy composites.
Plotted in Figs. 13–16 are the variations of the effective proper-
ties of the aligned CNT-reinforced epoxy composites with the
CNT volume fraction and aspect ratio,a, of the representative ﬁ-
ber. Figs. 17 and 18 illustrate the sensitivity of Young’s modulus
and shear modulus of the randomly oriented case, respectively.
It can be seen that E11 of both the aligned and randomly ori-NT-reinforced epoxy composite vs. CNT volume fraction for different aspect ratios.
Fig. 14. Transverse Young’s modulus, E22, of the CNT-reinforced epoxy composite vs. CNT volume fraction for different aspect ratios.
Fig. 15. Effect of CNT volume fraction on transverse shear modulus, l23, of the CNT-reinforced epoxy composites with different aspect ratios.
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oriented CNT-reinforced epoxy composites are signiﬁcantly more
sensitive to the aspect ratio than other moduli. It can also be ob-
served that both E11 and l12 of both the aligned and randomly
oriented CNT-reinforced epoxy composites increase with increas-
ing aspect ratio, whereas E22 and l23 show a relative decrease. It
should be noted that the value of l12, as shown in Fig. 16, for an
aspect ratio of 1.5 is larger than when compared to an aspect ra-tio of 100 or even 400. This same phenomenon has been ob-
served by Tandon and Weng (1984) in their micromechanical
analysis of glass-ﬁber reinforced composites. From further calcu-
lation, it can be determined that the value of l12 increases ini-
tially, with increasing aspect ratio and then begins to decrease.
This variation is usually small. It is also worth noting that we
can consider the representative ﬁber with aspect ratio beyond
100 as being a continuous ﬁber.
Fig. 16. Variation of CNT volume fraction with longitudinal shear modulus, l12, of the CNT-reinforced epoxy composite with different aspect ratios.
Fig. 17. Inﬂuence of CNT volume fraction on longitudinal Young’s modulus, E, of the randomly oriented CNT-reinforced epoxy composite with different aspect ratios.
1734 S.A. Meguid et al. / International Journal of Solids and Structures 47 (2010) 1723–17366. Conclusion
In this paper, an atomistic-based continuum model had been
developed to study CNT-reinforced epoxy composites. In this mod-
el, a representative volume element (RVE) which consists of a car-
bon nanotube, the surrounding epoxy matrix, and CNT/epoxy
interface has been simulated using the ﬁnite element method.
Through equating the associated strain energies, the RVE washomogenized and studied as a continuous representative ﬁber.
The ﬁber was then used in a micromechanical analysis of the mac-
roscopic CNT-reinforced epoxy composite system. A form of the
Mori–Tanaka method applicable to linear elastic, homogeneous,
isotropic ﬁbers and polymeric matrices was used to predict the
effective elastic properties of the macroscopic CNT-reinforced
epoxy composite. The major advantages of our model include the
simplicity of the structure, the nanoscale effects and the improved
Fig. 18. Effect of CNT volume fraction on longitudinal shear modulus G of the randomly oriented CNT-reinforced epoxy composites with different aspect ratio.
S.A. Meguid et al. / International Journal of Solids and Structures 47 (2010) 1723–1736 1735computational efﬁciency for predicting the effective properties of
the CNT-reinforced composites. Numerical results show that the
CNT length, volume fraction, orientation and the aspect ratio of
the representative ﬁbers have signiﬁcant effects on the effective
properties of the CNT-reinforced composites.
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